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Abstract. We prove the uniform lower bound for the difference A2 — Ai between first two eigen- 
values of the fractional Schrodinger operator (— A)°/^ + V, which is related to the Feynman-Kac 
semigroup of the symmetric a-stable process killed upon leaving open interval (a, 6) G R with sym- 
metric differentiable single-well potential V in the interval (a, 6), a G (1,2). "Uniform" means that 
the positive constant appearing in our estimate A2 — Ai > Ca{b — a)^°' is independent of the po- 
tential V. In general case of a G (0, 2), we also find uniform lower bound for the difference A* — Ai, 
where A* denotes the smallest eigenvalue related to the antisymmetric eigenfunction ip* . We discuss 
some properties of the corresponding ground state eigenfunction (pi. In particular, we show that 
it is symmetric and unimodal in the interval (a, 6). One of our key argument used in proving the 
spectral gap lower bound is some integral inequality which is known to be a consequence of the 
Garsia-Rodemich-Rumsey-Lemma. 



The main purpose of this paper is to prove an uniform lower bound for the spectral gap of the 
fractional Schrodinger operator with symmetric differentiable single-well potential on a bounded 
interval of the real line. Such an operator is related to the Feynman-Kac semigroup of the killed 
symmetric a-stable process. To obtain this bound we study some basic properties of the first and 
second eigenfunction of this operator such as monotonicity and differentiability. Another main argu- 
ment used in proving our spectral gap lower bound is some integral inequality which has important 
consequences in the embedding theory of Sobolev spaces of fractional order. This inequality is a 
consequence of the Garsia-Rodemich-Rumsey-Lemma (abbreviated as GRR-Lemma) |34j . The fact 
that this inequality follows from GRR-Lemma was observed by M. Kassmann in [39]. 

Our work is motivated by the classical results of M. Ashbaugh and R. Benguria obtained in 
[31 S], where the similar spectral problem was studied for the classical Schrodinger operator with 
the symmetric single-well potential on the interval. 

Before we describe our results in details let us recall the basic definitions and facts. Let {Xt)t>o 
be the symmetric a-stable process of order a € (0, 2) in R. This process is a Markov process with 
stationary independent increments and the characteristic function of the form E'^[exp (i^Xt)] = 
exp(— ^ G R, t > 0. As usual, E^ denotes the expected value of the process starting at x G R. 
Let (a, b) C R, —00 < a < b < 00, be an open interval and let T(^a,b) = i^f ^ : ^ (a, b)} be 
the first exit time of Xt from (a, b). 

The Feynman-Kac semigroup (Tt)t>o for the symmetric a-stable process Xt killed upon leaving 
(a, 6) and for potential V G V"((a, 6)) is defined as 



I \ Jo J J 

where V°((a, 6)) is a class of functions y : (a, 6) — ?• R specified by the following three conditions: 

(i) integrability: V extended to R by putting outside (a, 5) is in the Kato class /C" for the 
symmetric a-stable process Xt. Formal definition of /C" is given in Section 2. 

(ii) symmetry: V^x) = V{b + a — x) ior x £ (a, b). 
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(iii) differentiability and monotonicity: V' exists in (a, b) and V' (x) < for x G (a, (a + b)/2). 

In the above definition we use the convention that potentials V are defined on the interval (a, 6). 
However, very often, it will be useful to see the potential ^ as a function extended to whole real line 
R by putting outside (a, b). Notice also that the assumption (i) is an integrability condition under 
which the above Feynman-Kac semigroup is well defined (see \14:\ I15j). Moreover, it immediately 
follows from the assumptions (ii) and (iii) that y is a symmetric function, which is continuous, 
bounded from below, nonincreasing in (a, (a + b)/2) and nondecreasing in ((a + b)/2,b). In the 
terminology of [3j potentials with a such monotonicity property are called symmetric single- well. We 
refer to the potentials from the class V"((a, b)) as the symmetric differ entiable single-well potentials 
on the interval (a, b). 

The operators Tt are symmetric and form a strongly continuous semigroup on Lp'{{a,b)). The 
infinitesimal generator L of the semigroup {Tt)t>o is defined formally by 

L/ = lim^^^ 
40 t 

for such / G L'^{{a, b)) for which this limit exists in L^{{a, b)). The set of all such functions is called 
the domain of L and is denoted by T>{L). Similarly, we define Lf{x) = limtio (Ttf{x) — f{x))/t for 
any / G C((a, 6)) and x G (a, b) for which the limit exists. It is easy to show that if / G C^{{a, b)), 
then Lf{x) is well defined and 

Lf{x) = -(-A)"/2/(x) - V{x)f{x), X G (a, 5), 

where — (— A)"/^ is the fractional Laplacian of order a (see [161 p. 11-13]). Note that the operator 
(— A)"/^ will not be used in any essential way in proving our eigenvalue gap estimates. We just 
want to emphasize the connection between the operators L and (— A)"/^. By this correspondence, 
we refer to the operator —L as the fractional Schrodinger operator with the potential V on interval 
(a, 6). 

In recent years Schrodinger operators based on non-local pseudodifferential operators have been 
intensively studied. One of the most well known result is the so-called Hardy-Lieb-Thirring in- 
equality obtained in 2008 by R. Frank, E. Lieb and R. Seiringer [36], which is connected with the 
problem of the stability of matter [47j . In the last 30 years many results concerning the fractional 
Schrodinger operators and relativistic Schrodinger operators have been obtained |20l |35l [531 EZl [23l 
EH El [ISl HSl [371 13E1 US]. These results are about functional integration, structure of spectrum, 
conditional gauge theorem, estimates of eigenfunctions and intrinsic ultracontractivity. Most of 
these results are obtained by using the probabilistic and potential theoretic methods. 

The fact that the interval (a, b) is bounded implies that for any t > the operator Tt maps 
L'^{{a,b)) into L°°((a, 6)). It follows from the general theory of semigroups that there exists an 
orthonormal basis of eigenfunctions {(fn} in -^^((a^^)) and corresponding sequence of eigenvalues 

Ai < A2 < A3 <...—)• oo 

satisfying 

Tt fn = e"^"* ifn, 
L(fn = -An <^n, n > 1. 

We may and do choose the basis {(fn} so that (pn is either symmetric (i.e., (pn{x) = ipn{a + b — x) 
for X G {a,b)) or antisymmetric (i.e., v?n(x) = —Lpn{a + 6 — x) for x G {a,b)). Moreover, each 
eigenfunction is continuous and bounded and all An have finite multiplicities. Additionally, 
Ai is simple and the corresponding eigenfunction, the so-called ground state eigenfunction, can 
be assumed to be strictly positive on (a, 6). Our main concern in this paper is the difference 
A2 — Ai > 0, which is called the spectral gap. All above defined objects depend on the stability 
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parameter a G (0,2), the interval (a, 5) and the potential V G V"((a, 6)). However, for simplicity, 
we prefer to omit this dependence in our notation. 

Let us point out that (— A)"/^(/9„(x) is well defined for all x G (a, 6), n > 1, and we have 

-Lipnix) = (-A)"/^v?„(x) + V{x)ipn{x) = A„99„(x), X £ (a, b). 

By the fact that each ipn may be extended to whole R by putting outside (a, 6), the spectral 
problem discussed in this paper can be seen as the eigenproblem for the fractional Schrodinger 
operator on the interval (a, b) with Dirichlet exterior conditions (that is, outside the interval (a, b)). 

Mentioned above spectral problem has been widely studied for classical Schrodinger operators 
—A + V acting on Lp'{D) with Dirichlet boundary conditions, where Z) is a bounded domain in R"^, 
d > 1. Motivated by problems in mathematical physics concerning the behaviour of free Boson gases, 
M. van den Berg [11] made the following conjecture. If D C R'^ is convex such that diam(D) < oo 
and V is nonnegative convex potential in D, then 

(2) - ^X,D > 



diam(Z))2 ' 

where XY D ^2 D ^^^^ ^^^'^ second eigenvalue of —A + V acting on L'^{D) with 

Dirichlet boundary conditions. This problem has been widely studied by many authors |5m [S^l 
[28l [TOl [5H HHl [1]. In particular, the strict inequality ([2]) was obtained in 2010 by B. Andrews and 
J. Clutterbuck fTj. Let us point out that the this conjecture for intervals on the real line and for 
arbitrary nonnegative convex potentials was proved earlier by R. Lavine j46j . 

The classical result which is the most related to our one was obtained by M. Ashbaugh and R. 
Benguria [3l H]. They studied this problem in one dimension when a domain D is just a bounded 
interval and showed the inequality ^ for the different class of symmetric single-well potentials V 
that are integrable in D C R. This class includes the symmetric convex potentials, as well as a 
variety of nonconvex (but symmetric) potentials. 

The problem of eigenvalue estimates and the spectral gap lower bound has also been studied 
for fractional Laplacian — (— A)"/^ (i.e. V = 0) on bounded domains of R'^ with Dirichlet exterior 
conditions [2^1 [Ml El El El E21 SH EO] • In one dimension (when D is an interval) eigenvalue gaps 
estimates follow from results in [3] (a = 1) and (a > 1). Moreover, the recent papers |42j 
(a = 1), ^45j (a G (0,2)) contain new asymptotic formulas for eigenvalues, which can be used to 
find the numerical bounds for eigenvalue gaps. 

Now we formulate the main results of this paper. The following variational formula for the gaps 
between eigenvalues of L is a rather standard fact. In particular, this formula gives a variational 
representation for the spectral gap A2 — Ai and will be a starting point of our proofs. In fact, it 
is a fractional extension of the classical variational formula for the eigenvalue gaps of the classical 
Schrodinger operators which can be found for example in [51]. For the version of this formula 
for the fractional Laplacian (i.e. V = 0) we refer to [32]. Denote by L'^{{a,b), cpD the space of 
square-integrable functions on the interval {a,b) with measure ip1{x)dx. 

Proposition 1. Assume that a G (0,2). Let V G V"((a, 6)), —00 < a < b < 00. Then for every 
n >2 we have 

3) A„-Ai=mf^— / / — —-^ipi{x)ipi{y)dxdy, 



where 



((a, 6), if\) : / p {x)ip\{x)dx = 1, / f {x)ifi{x)ifi{x)dx = 0, l<i<rz— 1 

J a J a > 
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and 
(4) 



^ 2-'\/S|r(7/2)r 

Moreover, the infimum in Q is achieved for f = ipn/(pi. 

Proposition [T] is a consequence of the standard variational formula for eigenvalues and a special case 
of [Hi Theorems 2.6 and 2.8]. Its proof is given at the end of Section 2. 

Our first main results are the following theorems concerning the properties of eigenfunctions. 
The first one is about the monotonicity of (pi. We extend some earlier ideas from [71 [9] and [TO] , 
and prove that the ground state eigenfunction is unimodal in the interval (a, b). This property will 
be our main argument in proving eigenvalue gap estimates. 

Theorem 1. Let a G (0,2). Let V G V"((a,6)), — oo < a < b < oo. Then ipi is symmetric and 
unimodal in (a, b), i.e., (pi is nondecreasing in (a, (a + b)/2) and nonincreasing in ((a + b)/2, b). 

Theorem 2. Let a G (1,2). Let V G V°'{{a,b)), -oo < a < 6 < oo. Then for all n > 1 the 

derivative of ipn exists in {a,b). Moreover, if[c,d] C {a,b), then there exists a constant Cv,n,a,a,b,c,d 
such that for all x G [c, d\ we have 



ax 



— Cy^Yi,a,a,b,c,d \\'-Pn\ 



Let us recall that our orthonormal basis is chosen so that each is either symmetric or 

antisymmetric in {a,b). It follows from the fact that {(fn} is an orthonormal basis that among (/9„ 
there are infinitely many antisymmetric functions in (a, 6). Denote by A=k the smallest eigenvalue 
corresponding to the antisymmetric eigenfunction 99*. It is a natural hypothesis that A* = A2. For 
the classical Schrodinger operator on the the interval this fact is well known. It is a consequence 
of the Courant-Hilbert theorem which states that (p2 has exactly two nodal domains (the interval 
consists of exactly two subintervals on which the sign of ip2 is fixed). In our case this problem is 
more complicated. This is due to the fact that no version of the Courant-Hilbert theorem is known 
for operators which are non-local. Despite this fact, this hypothesis was proved by R. Bahuelos and 
T. Kulczycki [6j for a = 1 and V = 0. Very recently, M. Kwasnicki proved this hypothesis in |45| 
for a G (1,2) and V = 0. 

The following lower bound for A* — Ai is derived by using Theorem [T] only. 

Theorem 3. Assume that a G (0, 2). Let V G V"((a, b)), —00 < a < b < 00. Let A* be the smallest 
eigenvalue corresponding to the antisymmetric eigenfunction (/J*. Then we have 

The next theorem is the main result of this paper. 
Theorem 4. Assume that a G (1,2). Let V G V"((a, 6)), —00 < a <b < 00. Then we have 



(6) A2 - Ai > 



(6-0)"' 

CK + l a + 1 ' 



Where = ^ V (^) v(l)""- 



Since we do not know whether the second eigenfunction is antisymmetric, we also have to consider 
the case that it is symmetric in the proof of Theorem |4j Our crucial argument applied to the proof 
in this case is the following integral inequality which is known to have important consequences in 
the embedding theory of Sobolev spaces of fractional order. 
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Proposition 2. Assume that a G (1,2). Let — oo < a < 6 < oo and let f be a Lip schitz function 
in [a, b]. Then 

In [39] M. Kassmann showed that the inequahties of the form ([T]) are the direct corollary from 
the GRR-type inequalities. The constant ((a — l)/(16(a + 1)))^ is derived from the classical one- 
dimensional GRR-lemma [34^ Lemma 1.1], while the constant ((a — l)/(12(a + l)))""*"^ is a con- 
sequence of the Kassmann's proof [391 Proof of Theorem 3]. To obtain the inequality with this 
constant he used the multidimensional extension of GRR-Lemma by L. Arnold and P. Imkeller 
|2j. Note that there are several improvements of the GRR-lemma in various directions. However, 
according to the author's knowledge these two constants seem to be the best constants known up 
to now in the one-dimensional inequality ([T]). Since our main concern here is to obtain possibly the 
best constant in the inequality ([T]), we propose a completely different proof of the inequality ([T]) 
based on some inductive argument. This direct and much more self-contained procedure allows us 
to obtain the constant 3-2(a+i)/(a-i) -^j^ich is better for a near 2 (approximately for a > 1.736). 

We discuss the structure of the constant C^'^ in Section 5 (see Remark [2] and Figures [l|and|2[. 

Remark 1. Let 1 < /3 < p < 00. Let —00 < a < 6 < 00 and let / be a continuous function in [a, b]. 
More general inequalities of the form 

(8) r /' 'jP^i.^y > cf 



and their multidimensional versions are known to be the direct corollaries from the GRR-type 
inequalities. Their direct consequence is that if for some function / the double integral on the left 
hand side is finite, then the function / is Holder continuous with exponent {P — l)/p. As shown in 
[39], these inequalities directly imply the embedding theorems from the so-called Sobolev-Slobodecki 
spaces into the spaces of Holder continuous functions with exponent smaller or equal to (/3 — l)/p 
(for more details see |39j and references therein). Simple modification of the inductive part of our 
proof of Proposition 2 also gives the inequality ([S]) with constant = 3~^^^~^^'^^^^^^^ for Lipschitz 
continuous functions. 

The following counterexample shows that in the case a E (0, 1) the inequality ([T]) does not hold 
with any positive constant. This is a reason why our method of the proof of bound ^ does not 
work in this case. The case a = 1 remains open also. 

Example 1. Assume that a £ (0, 1). Let f be a -class function such that 

{0, X < 1/4, 

g'[0,1), 1/4<x'<1/2, 
1, x>l/2. 

Consider the sequence of functions of the form fn{x) = f{nx), n > 1. Clearly, each fn is a C°°-class 
function such that /n(0) = 0, /n(l) = 1- However, 

...^ f' f' Unix) - fn{y))\ , 

(10) / / 1 Tj— dxdy —^0 as n — )■ 00. 

Jo Jo \x — y\ 

The justification of the above example is a very special version of similar one in |3H Section 2] 
and is given in Section [5] 

Note that the constants Ca^ and cj^'^ obtained in Theorem[4]and Proposition [2| respectively, are 
not optimal. As we will see below, the inequality ([T]) is an important argument used in proving the 



6 



KAMIL KALETA 



bound ([g]). Indeed, we have Ca^ = A-a/^ Ca^ . It follows that by improving the constant in 
the inequality Q , one can improve the constant Ca'^ in ^ . Notice also that in view of Theorem [s] 
another way to improve the constant in Theorem |4] is to show that A* = A2. 

A consequence of Theorem [2] is the following fractional version of the weighted Poincare inequality. 

Corollary 1. Assume that a G (1,2). Let — oo < a < 6 < oo and let g : [a, 6] — )• R be continuous, 
nonincreasing and strictly positive in [a,b). Let f he a Lip schitz function on the interval [a,h\ such 
that f[a) = 0. Then 

(11) /' ^^[""J-J.^^f g{x)g{y)dxdy > /' f{x)g\x)dx, 

where cj^^ is given in Theorem^ 

The paper is organized as follows. In Section 2 we introduce additional notation and collect 
various facts which are used below. In particular, here we justify the variational formulas for 
eigenvalue gaps. In Section 3 we prove the properties of eigenfunctions. Section 4 contains the 
proof of Theorem [3| In Section 5 we show the crucial inequality in Proposition [2l and justify 
Example [l Here we also discuss the structure of the constant Ca in Proposition^ Section 6 
contains the proof of main theorem concerning the spectral gap lower bound. 



2. Preliminaries 

Let a E (0,2). By Ca, we always mean a strictly positive and finite constant depending on a 
and parameter k. We adopt the convention that constants in some proofs may change their value 
from one use to another. However, very often, especially in the statements of our results, we write 
cji'\cj?'^ etc to distinguish between constants. 

We now summarize the properties of the symmetric a-stable process and some facts from its 
potential theory. For further information on the potential theory of stable processes we refer to 

Let X = (Xt)t>o be the standard one-dimensional symmetric a-stable process with the Levy 
measure v{dx) = A-a\x\~'^~"'dx, where the constant A-a is given by Q. By we denote the 
distribution of the process starting at x G R. For each fixed t > the transition density p(t, y — x), 
t > , X, y E R, of the process X is a continuous and bounded function on R x R satisfying the 
following estimates 

(12) (^^^ ^ '"'^") - y - ^ iw^lcl^ ''"^ 
Denote by 

(13) g(t, y - x) = -^== exp 1^ — J, t>0, x,yGR, 

the transition density of the standard one dimensional Brownian motion {Bt)t>o runing at twice 
the speed. 

It is well known that the symmetric a-stable process {Xt)t>o can be represented as 

Xt = B^rit ; 

where {r]t)t>o is an a/2-stable subordinator independent of {Bt)t>o (see |I6]). Thus 

POO 

(14) p(t,y-x)= q{s,y - x)ga/2{t,s)ds, 

Jo 

where 5q,/2(^) is the transition density of r]t. 
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It is known that when a < 1, the process X is transient with potential kernel 

/>oo 

i^(")(y-x)= / p{t,y-x)dt = Aa\y-xr-^, x,yGR. 

JO 

Whenever a > 1 the process is recurrent (pointwise recurrent when a > 1). In this case we can 
consider the compensated kernel [131, that is, for a > 1 we put 

l-OO 

K(")(y-x)= / {p{t,y-x)-p{t,XQ))dt, 



where xq = for a > 1, and xq = 1 for a = 1. In this case 

k'^^)(x) = ilog-*- 
vr |x| 

for a = 1 and 

= (2r(a) cos(7ra/2))~Vl"~^ x G R, 
for a > 1. Note that K^^'Xx) < if a > 1. 

We say that the Borel function F : R — )• R belongs to the Kato class /C" corresponding to the 
symmetric a-stable process X if y satisfies either of the two equivalent conditions (see |I53| and 
(2.5)]) 

linisup / \V{y)\\K^°'\y-x)\dy = Q, 

'^^^ x&R,J\y-x\<t 



lim sup E 



_ t 

X 



\ViXs)\ds 







0. 



For instance, if V{x) = (1 - x^)"/^, /3 > 0, then V £ IC" and V £ V"((-l,l)) provided that 
/? < a A 1. It can be verified directly that for every a G (0, 2), /C" C Lj'-Q^(R). 

We denote by poit, x, y) the transition density of the process killed upon exiting an open bounded 
set D C R. It satisfies the relation 

PD{t,x,y) =p{t,y - x) - B^'lpit -TD,y - Xrj,);TD <t], x,y e D,t> 0, 

where r/j = inf{t > : Xf ^ D} is the first exit time from D. For every t > 0, x,y £ D, we have 

(15) < pD{t,x,y) <p{t,y - x). 

Let us recall that the semigroup of the process killed upon leaving set D is given by 

Pi" fix) = E^[f{Xt);TD >t]= [ f{y)pD{t,x,y)dy, f e L\D), x e D. 

Jd 

The Green operator of an open bounded set D is denoted hy Gd- We set 

/•oo 

GD{x,y)= / pD{t,x,y)dt 
Jo 

and call G/)(x,y) the Green function for D. We have 



Gofix) = E^- 



TD 



f{Xt)dt 



GD{x,y)f{y)dy, 



D 



for non-negative Borel function / on R. 

We now discuss some selected properties of the Feynman-Kac semigroup for the fractional 
Schrodinger operator with a potential V on bounded intervals of R, which are needed below. For 
the rest of this section we assume that D is a bounded interval (a, 6) C R, a < 6, and V G V"((a, b)). 
We refer the reader to \14:\ [T5[ [22| [23l [27] for more systematic treatment of fractional Schrodinger 
operators. 
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The l^-Green operator for (a, b) is defined by 

/>oo 

Gl^fi"^) = / Ttf{x)dt = 



-{a,b) 



for non-negative Borel functions / on (a, b). The corresponding gauge function is given by (see e.g. 
dap. 58], [231E71) 



*{a,6) 



X € (a, 6). 



When it is bounded in (a, 6), then {{a,b),V) is said to be gaugeable. It is easy to check that if 
y > on (a, b), then gaugebihty holds. 

The following perturbation type formula will be an important argument in the proof of differ- 
entiability of eigenfunctions. For the potential V such that {{a,b),V) is gaugable and for bounded 
function / we have (see |141 Formula 9]) 



(16) 



GL)/(x) = G^a,b)f{x) - G^,,,){VGl^,J){x), X G (a, 6). 



Since V G V"((a, 6)), inf V > — oo. Observe that when V = 0, then {Tt)t>o is an usual semigroup of 
the symmetric stable process killed upon leaving (a, b). That is for each i > we have Tt = 



{a,b) 



Generally, for / > we have 



Ttfix) < e 



■inf Vtp{a,b) 



7(x) 



t > 0, x G (a, b). 



Using this fact, (12), (15), and the Riesz-Thorin interpolation theorem, it can be shown that for 
each t > the operators Tt : LP{{a,b)) — )• L'^{{a,b)), 1 < p < q < oo, are bounded. Denote by 
ll^tllpg the norm of a such operators. 

Recall that the class V"((a,6)) contains the signed potentials V. So we do not exclude the case 
that the operators Tt are not sub-Markovian. However, each operator Tt can be transformed to be 
sub-Markovian by adding a constant to the potential V. Indeed, if inf V < 0, then we put Vq = 
V — infV. Clearly, Vq > 0, and thus, the corresponding Feynman-Kac semigroup is sub-Markovian. 
Denote this semigroup by {Tt)t>o- It can be checked directly that its generator is the operator 
Lq = L+inf V with purely discrete spectrum of the form {— Ai + inf V, — A2 + inf V, —A3 + inf V, ...}. 
However, both operators L and Lq have the same eigenvalue gaps A„ — Ai, n > 1. We will use this 
translation invariance property of the eigenvalue gaps in the sequel. 

We now justify the variational formula in Proposition [T| 

Proof of Proposition^ By using the remark on the translation invariance of the eigenvalue gaps, 
we may and do assume that ^ > and that the corresponding Feynman-Kac semigroup (Tt)t>o is 
sub-Markovian. For every t > define operators: 

ftf = e^^'^^^TtM), f G L^{{a, b), ^j). 

It is easy to see that operators Tt, t > 0, form a semigroup of symmetric Markov operators on 
LF'{{a, b),ipl) such that 

'fjA ^ g-(A„-Ai)t^ 



Tt 



n> 1. 



Let 

(17) 



£if^ f) = ^(/ - Ttf, f)L^((a,b),^l) 



for / G L'^{{a, b), iff). It is known that the form £ with its natural domain 



V{£) = {/ G L\ia, b),^l) : £{f, f) < 00} 
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is the Dirichlet form corresponding to the semigroup {Tt)ty>o [33\ p. 23]. By the standard variational 
formula for eigenvalues we have 



An — Ai 



inf £{fJ), 



n > 2, 



and the infimum is achieved for / = ipn/^fi- Thus to complete the proof of Proposition [T] it is 
enough to see that 



(18) 



£{fj) 



A. 



— r^—^'fi[x)^i{y)dxdy. 

\x — 



However, the equality (18) is a special case of more general results in [21^ Theorems 2.6 and 2.8]. □ 



3. Properties of eigenfunctions 

For our convenience we work with the symmetric interval (—a, a), < a < cxd, in the proof of 
Theorem [TJ First we need the following auxiliary lemmas. Let us note that our arguments in the 
proofs of Lemma [T| Lemma [2] and Theorem [T] extend some earlier ideas from [7, 9j and jlOj . 

Lemma 1. Assume that a G (0,2). Let < a < oo and let V he a hounded, symmetric and 
continuous function on {—a, a) such that V'{x) exists in {—a, a) except for at most finite points and 
V is nonincreasing in (— a,0). Let n be a natural numher and let Si,ti, i = l,...,n, be arbitrary 
positive parameters. For x £ [—a, a] we define 



^n(,X, Si , .. . , Sn, tl ,.. . , tn) 



1=1 



i=l 



where xq = x and q is given by (13). Then for every n > 1 and parameters Si,ti, i = l,...,n, 



^n{x', si, Sn,ti, ...,tn) is nondccrcasing on (— a,0) and nonincreasing on (0, a) as a function ofx. 

Proof. First note that for every n > 1 and positive parameters Sj, ti, i = I, n, ^n{x; si, s^, ti, ...,tn) 
is symmetric and positive on [—a, a]. Without loss of generality we assume that a = 1. We use the 
induction. Integrating by parts and using the fact that V is symmetric, we have 



d 



-tiV{y) 



d_ 
dy 



e dy 



(19) 



Since 

(20) 
and 



e 4n lini e-*!^^^') - e ^-tiViy) ^ / g 4 



' M^^e-^^yiy)dy 



dy 



lim e-*i^(^) I e _ g 



e 4s > e 4s 



4si 



4si 



dy 



dy. 



dy 



-tV(y) ^_^^-tV{y)yf(^y^^Q^ 



x,y,s> 0, 



t>0. 



for almost all y G (0, 1), the expression on the right hand side of (19) is nonpositive for all x G (0, 1). 



Thus, for every si,ti > the function <I>i(x; si, ti) is nonincreasing on (0, 1). 

Now suppose that for any positive parameters si, fi, the function <l*n-i is non- 

increasing on (0,1), that is, ^^n-i{x; si, Sn-i,ti, ...,tn-i) < for X G (0,1). Our claim is 
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'^:^n{x; Si, Sn,ti, ...,tn) < for X € (0,1) and for every positive parameters si, ...Sn,ti, ...,tn- 



dx 



We observe that 



1 



e ^'"=1^ e-^'^^y^<Pn-i{y;s2, Sn,t2, ■.■,tn)dy . 



From now on, for more simplicity, we omit the parameters Si,ti in our notation. Integrating by 
parts, similarly as before, we have 

(21) 



d 



-1 dy 



$„_i(l) lime-*i^(2^M e -e 



1 + 



-1 



dy 



-*^^(^)^>„_i(y))(iy. 



Observe that by (20) the first term on the right hand side of (21) is nonpositive. Thus it is enough 
to show that for all x E (0, 1) the last integral also is nonpositive. Denote h{y) = e~*^^*^^)<I>„_i(y). 
Recall that V'{y) > for almost all y G (0, 1). By induction hypothesis and by symmetry, we have 
respectively 



h'{y) = j- (e-*i^(^)cl>„_i(y)) = -fiT/'(y)e-*i^(^)$„_i(y) + e-*i^(^)^<i>„_i(y) < 



d 



dy 



dy 



and 



h\y) = -h'{-y) 



for almost all y G (0, 1). This and (20) give for all x G (0, 1), almost all y G (0, 1) and ti, si > 

/i'(y) <o. 



e h {y) + e h {-y) = e 



'h'{y)-e h'{y) 



Integrating this inequality on [0, 1], we get 



/: 



Av-^r d 
dy 



for X G (0, 1), which ends the proof. □ 
Lemma 2. Assume that a G (0, 2). Let < a < cxd and V G V"((— a, a)). For t > denote 



gt{x) = 



exp ^- V{Xs)dsj ; t < T^-a,a) 



X G (—a, a). 



Then for every fixed t > the functions gt{x) is nondecreasing in (— a, 0) and nonincreasing in 
(0,a). 

Proof. Let T4(x) = V{x) Ak, x £ (—a, a), k > 1. First note that for every x G (—a, a) and t > 



f Vk{Xs)ds^ [ V{Xs)ds 
Jo 



as A; — )• oo, P^'-almost surely, by the monotone convergence theorem. Thus for all x G {—a, a) and 
t > we have 



exp 



f V{Xs)ds^ -K T(_a,a) - J™^ ^Xp j ^ Vk{X,)d^ ■t< T(_a,a 



as a consequence of the fact that 



exp ^- Vk{Xs)ds^ < exp(-(inf y A l)t), t > 0, A; > 1, 
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and the bounded convergence theorem. Thus, it suffices to show that for any k > 1 



exp 



Vk{Xs)ds ;t < r(_a,a) 



is nondecreasing in (— a, 0) and nonincreasing in (0, a) as a function of variable x, for each fixed 
t > 0. 

Fix now k > 1. By using the fact that P^(X,-j_^ E {— «, a}) = for x G (—a, a) and the paths 
are cadlag, the boundedness and continuity of Vk, and the Markov property of the process {Xt)t>o, 
we have 



exp ^- J Vk{Xs)dsj ; t < T(^-a,a) 

exp ^-^ Vfc(Xs)ds^ G (-a,a),VO < s < t 



E 



hm E^ 

n— >oo 



exp ^ Vfc(X,t/2n)^ 



;^it/2" G (-a,a),« = 1,2,..., 2" 



hm 

n— ^-oo 



a ra 



a J —a 



t 



JJexp ( -^Vfe(xi) ) p(t/2",Xi - Xi-i)dxi...dx2n 

■ 1=1 



where xq = x. Moreover, by the subordination formula (14) and Fubini's theorem, the last multiple 
integral can be rewritten as 



Vk{xi) I q{si,Xi - Xi^i)dxi...dx2^ 



... I ... n-p 

-oo J —oo \J—a J—a.j^_-^ 
2" 

X Y{ga/2{t/'^"',Si)dsi...dS2» 

i=l 

on 

/OO roo ^ 

... / $2"(2:;Si,...,S2",t/2'^,...,t/2") Jj5a/2(i/2",S*)dsi...(iS2", 
-OO J — oo 

nn 

/a ra ^ 

... / JJexp(-tiVfc(j;j))g(sj,2;j - j;j_i)dxi...dx2n, 
-a J ~a 

with xo = X. By Lemma[l]we obtain that for every natural n and for any positive parameters U, Si, 
i = 1, ...,2", the function $2" is nondecreasing in (— a, 0) and nonincreasing in (0,a). Letting now 



where 



n — oo in (22), we conclude that the same is true for E^ exp y— Jq Vk{Xs)dsj ;t < T(^-a,a 
any k > 1 and for each fixed t > 0. Thus the proof is complete. 



for 

□ 



Proof of Theorem^ Let < a < oo and V G V"((— a, a)) be fixed. First we show a symmetry. 
Recall that ipi is strictly positive in (—a, a) and suppose contrary that ipi is not symmetric. Thus 
^1(2;) := ipi{x) + ipi{—x) is also an eigenfunction of —L corresponding to the eigenvalue Ai such that 
(pi ^ span((/9i). This gives a contradiction, because Ai has muliplicity one. Thus (pi is symmetric 
in f— a, a). 
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Let now P^p^ : L'^({—a,a)) — >• -L^((— a,a)) be the projection onto span(y3i). By the fact that 



e^^%P^^ = = P^i, we have for t > 2 



sup 

xS:{—a,a) 



Since by the spectral theorem 



< 2a 



e^i* Tt - P^, 



l,oo 



< g-(A2-Ai)t 



e^i* Tt - P^, 



we obtain 



ipi{x) = lim Cy e^i* rfl(_aa)(a;) = lim Cy e^^' E' 



Alt 



exp - / V{Xs)ds \;t< T^-a^a) 



uniformly in x E (— o, a), with Cy = ■ Now the assertion of the theorem follows from 

Lemma O □ 

We need the following auxiliary lemma. It is a version of [ISj Lemma 5.2] and [17^ Lemma 10]. 

Lemma 3. Let a G (1, 2). Let — oo < a < 6 < oo and let f £ L^{{a, b)) be a function such that for 
every interval [c,d] C {a,b) we have sup^gj^^^j 1/(^)1 < oo. Then 



(23) 



d 

dx 



G{a,b)f{x) 



d_ 
dx 



G{a,b){x,y)f{y)dy, X G (a, 6), 



and for every interval [c, d] C (a, b) there is a constant Caj,a,b,c,d < oo such that 

d 



(24) 



dx 



G{a,b)f{x) 



X e [c, d] . 



Proof. Recall that a G (1,2). By [18, Formula (5)] we have 

G{a,b){x,v) = K^'^Kx -y) - H{x,y), x,y £ {a,b), xj^y, 

where K^'^Xx - y) = (2r(a) cos(7rQ/2))- ^ - and H{x,y) = W [i^ (X^^^ - y) 



In view 



of this equality we have 

A. 
dx 



G(a,b)f{x) = lini 



lim 



K(")(x + h-y)- K(")(x - y) 
h 

H{x + h,y) - H{x,y) 
h 



f{y)dy 



fiy)dy, x€{a,b). 



First notice that both partial derivatives ^K^^\x — y), x ^ y, and ■^H(x,y) exist (see (10) in 
[18]). For X G {a,b) denote 5{x) = {b — x) A {x — a). From [18l Lemma 3.2] we have \ -^H{x,y)\ < 

Ga,a,b^{x)~^ . It follows that 



(25) 



d_ 
dx 



G(a,b){x,y) 



< 



d_ 
dx 



+ 



d_ 
dx 



Hix,y) 



<C„|x-y|" + Ga,a,bKx) \ x,y £ {a,b), X y. 



-1 



This inequality and properties of / imply that for each fixed x £ (a, b) the integral on the right 
hand side of (23) is absolutely convergent. Thus, to obtain (23) it is enough to show that 



/i-s>0 



(26) lim / \Fj^^\x,y)\\f{y)\dy + lim j \F'^'> {x,y)\\f{y)\dy = 0, x £ {a,b), 
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where 

Fix now X G {a,b). Let \h\ < 5(x)/4. From |18| Lemma 3.2] and Lagrange's theorem we obtain 

(27) \Fi^\x,y)\<C^,a,b6ix)-\ 
This estimate and the fact that / G L^{{a, b)) give that 

lim f\F^^\x,y)\\f{y)\dy = Q 

by the dominated convergence theorem. 
It suffices to show that 

j-b 

(28) hm / \F'^\x,y)\\f{y)\dy = {) 

/i-s>0 ./„ 



for each fixed x G (a, 6). Let /3 G (0, 1/2) and 
(29) 



Fi^\x,y)\\f{y)\dy= / |F«(x, y)||/(y)|dy 

J(x-/3(5{x),a:+/3(5(x)) 



+ 



\F'f^\x,y)\\f[y)\dy. 

{a,b)r\{x-l35{x),x+l3S{x)Y 



Fix X G (a, 6) and e > 0. We will show that for sufficiently small \h\ the left hand side of (29) is 
smaller than e. Let [c^d\ C (a, 6) be such that x G (c, d). Denote M = sup^gj^,^] |/(x)|. Let j3 be 
small enough so that [x — (36{x),x + I35{x)) C [c, d\. It is known (see |18t proof of Lemma 5.2]) that 

(30) |F^'^(x,y)| <C„(|x + /i-yr-2v|x-yr-2), y G (a, 6), y / x, y / x + /i. 
Hence for any /i G R 

/ \F'f^\x,y)\\f{y)\dy<MC^ (|^ + /, _ y|"-2 + |^ _ y|"-2) 

Jx-I35{x) Jx-I35{x) 

fPSix) 

< 2MC7„ / |?/r-'dy. 



J-(3S{x) 

It is clear that there exists /3 small enough so that the above integral is smaller than e/2. Let us 
fix such p. Clearly, Fj^^\x, y) — )• as — )• for any x ^ y. By ( pO| ) 

|Fr^(x,y)| <a(2r'5(x)-Wl), 

for y G (a, 6) n (x - /3(5(x),x + /35(x))'= and h G (-/3(^(x)/2, /35(x)/2). Since / G Li((a,6)), the 
second integral on the right hand side of ( 29 ) tends to as /i tends to by the bounded convergence 
theorem. Hence for \h\ sufficiently small the second integral on the right hand side of ( |29[ ) is smaller 
than e/2. This finishes the proof (28). Thus (23) is proved. The boundedness property (24) is a 
simple consequence of the estimate (25) and the properties of /. □ 

Proof of Theorem^ Let —oo < a < b < oo and V G V°((a, b)). The starting point of the proof are 
the eigenequations 

(31) Tt ipn = e-^"* ^n, n > 1. 
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Since we do not exclude the case that V is signed potential, it may happen that A„ < for finitely 
many n. Put 

f 0, if infy>0, 

1, if infy = 0, 

-2infy, if infy<0. 



V 



Denote Vr^ = V + rj. Then Vy > and ((a, b), y^) is gaugeable (see p. 7). By (31 ) we clearly have 

Using the fact that A„ + r/ > 0, n > 1, and integrating over t the above equations we obtain 

ipn{x) = (A„ + r/)G|^^^^(/?n(x), a: G (a, b), n>l. 
Applying now the perturbation formula (16) to this equality we get 

ipn{x) = {Xn + v)G(^a,b)^n{x) - ^(^^5) (y^(/?„) (x) , X G (o,6), n > 1, 

which can be rewritten as 



ipn{x) = {Xn + V) G(a,b){x,y)Vniy)dy - G (^a,b){x ,y)Vr^{y)^n{y)dy . 
J a J a 

Since Hv^nlloo < ^ ^^ii'^jb)) and is continuous in (a, 6), the assumptions of Lemma [s] are 

satisfied. Thus for x £ (a, b) we have 



A. 
dx ' 



d 



-ipn{x) = {Xn + r]) J ^G(a,b){x,y)Vn{y)dy- j -^G (^a,b){x , y)Vr,{y)ipn{y)dy . 

A direct consequence of Lemma [S] is that also for any interval [c, d] C (a, b) there is a constant 
Cv,a,n,a,b,c,d such that for all X G [c, d] we have 



dx 



y^n[X, 



< Cv 



a,n,a,b,c,d- 



□ 



4. Lower bound for A* — Ai 

Proof of Theorem^ Let < a < oo. With no loss of generality we provide the arguments for the 
symmetric interval {—a, a) only. Let V G V"((— a, a)). Recall that our orthonormal basis {(/?n} is 
chosen so that ipn are either symmetric or antisymmetric. Let no be the smallest natural number 
such that ifno is antisymmetric in (—a, a). Thus = ipno- Let / = = ipno/^i- For every 

e G (0, a) we have 

U{x)-f{y)f . w ^ > 
y[^^Vi{x)Lpi{y)dxdy > 



\x - y\ 



+ 
+ 
+ 



{fix) - 


-f{y)? 


\x — 




' {fix) 


-f{y)? 


\x- 




(fix 


)-f{y)) 


-a \x 




(fix) 


-f{y)? 


\x - 





ipi{x)ipi{y)dxdy 

2 

-ipi{x)ipi{y)dxdy 
(pi{x)(pi{y)dxdy. 



Simple changes of variables in the last three integrals and the fact that / is antisymmetric give that 
the last sum can be transformed to 



" r fifix)-f{y)? , (/(x) + /(y)) 



\x-y 



l+a 



+ 



(x + y) 



l+a 



ipi{x)ipi{y)dxdy. 



SPECTRAL GAP FOR FRACTIONAL SCHRODINGER OPERATORS 



15 



Clearly, this is bigger or equal to 

{f{x)-f{y)r + {f{x) + f{y)r 



ipi{x)ifi{y)dxdy 

(pi{x)(pi{y)dxdy, 



(2; + y)i+° 



which, by symmetry, is equal to 

fix) 



{x + y) 



l+a 



ipi{x)ipi{y)dxdy. 



Thus, by Theorem [T| we have 



-ipi{x)ipi{y)dxdy > 8 / - — - — ——ipi{x)ipi{y)dydx 



fix) 

>8 r rdyj0lf,{x)dx 



Now, letting e — )• 0, we obtain 



^_„|i+a <fi{x)My)dxdy 

a J —a \X y\ 



>7A^ r fix)ip-t{x)dx=-f- I f\x)^i{x)dx 



(2a)" io ' ' ' (2a)°y_/ ^ ^^^^ ' (2a)"- 

Since f = (p^f/ (pi is antisymmetric, the assertion of Theorem [s] follows simply from Proposition [l] 

□ 

5. Crucial inequality 

Proof of Proposition^ For more clarity we divide the proof into the two parts. 

(Part 1) In this part we show that in fact it is enough to prove Proposition [2] for a = and 6 = 1, 
i.e., for [a, 6] = [0,1]. First note that if / is a Lipschitz function on an arbitrary interval [a, 6], 
— oo < a < b < oo, then the function f{x) := f{(b — a)x + a) is a Lipschitz function in [0, 1] such 
that /(O) = /(a) and /(I) = f{b). Suppose that the claimed inequality ([T]) is true for all Lipschitz 
functions on the interval [0, 1] with constant Ca \ Thus, by trivial change of variables, we have 

' tu\x)-f{y))\, _ r r(/(f^)-/te^^' 



\x-y\^+°' Ja Ja 



dxdy= I I \x_y\i+a ^^'^y 

1 f f {fix) - f{y))' 



dxdy. 



Since 



^J^^^^Mldxdy > C(^)(/(l) - /(0))2 = d'Hm - f{a)f 
JO \x — y\ 



■1 /■W.7.^_/(y)^2 

|1+Q 

the proof of Part 1 is complete. 

(Part 2) In this part we prove the proposition for a = and 6=1. By Part 1 this will give our 
result for arbitrary — oo < a < 6 < oo. First note that the constant ((a — 1)/(16(q + 1)))^ in the 
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inequality ([7]) for (a, b) = (0, 1) can be obtained by taking 'il^{x) = |xp and p{x) = \x\^°'~^^^^'^ in the 
classical GRR-Lemma \34:\ Lemma 1.1.]. Indeed, from the inequality (1.2) in [33] we clearly get 

The second constant ((a — l)/(12(a + 1)))'^"'"-'^ was derived in a similar manner by M. Kassmann 
(see [391 Proof of Theorem 3]) from the multidimensional improvement of the GRR-Lemma in [2j. 

We now find the third constant of the form 9(~('^+^)/(°~^)) in the inequality ([t]). We use some 
new inductive argument, which is completely independent of the GRR-Lemma. If /(O) = /(I), 
then the claimed inequality is trivial. Without loss of generality we may assume that /(O) = 1 and 
/(I) > 0. In fact, by the scaling property of the claimed inequality ([T]), we may and do assume that 
/(I) = 1. Let c < 1/3 be a constant. It will be chosen later. The rest of the proof is divided into 
the several steps. 

(Step 1) Denote 

fli = f /^^ = ( xi = ai+c j fxi = fai + l 

bi = l ' I = 1 ' \yi = bi-c ^ \ fy^=f^^_r , 

and define 

mi = mm{x £ {ai,bi) : f{x) = fxi} and Mi = ma,x{x £ {ai,bi) : f{x) = fy^} . 
Clearly, fy^ — fxi = 1/3. If mi ^ {ai,xi) and Mi ^ (yi,6i), then we have 



1 (fix) - f{y))\^,^, ^ r ( /(^) - fjy)? 

\x - 

{fyi - fxifibi - yi){xi - ai) _ /c\ 2 



, , dxdy > / — , TT-; dxdy 

|6i-ai|i+° V3 
If mi G (oi, xi) or Mi £ (yi, 6i), we consider the next step. 
(Step 2) If mi £ (ai,xi) let us take 

02 = ai j fa2=fai jx2 = a2 + C^ j fx2 = fa^ + H)'^ 



^2 = ^1 ' \h.=fx, ' \y2 = b,-^ ' \fy,=f,,-{^f 

If mi ^ (ai,xi) and Mi £ (yi, bi) let us take 

02 = yi / fa2 = fyi j X2 = a2+C^ J fx2 = /aa + (g)^ 



b2 = bl ' \ ' \y2=b2-c' ' \fy2=h2-{l)" ■ 

Define 

m2 = min{x G (02,62) : /(x) = /^J and M2 = max {x G (02, 62) : /(a;) = /j/a} • 
Clearly, fy^ — /2,2 = 1/3^, 62 — 02 = c. When m2 ^ (02,2:2) and M2 ^ (^2,62), we have 

JO \x — y\ Ja2 Jy2 \^ ~ y\ 

{fy2 - fx2f{b2 - y2){x2 - 02) ^ ^ /C\2 1 

|62-a2|i+° 3V+" V3/ 32c°-i' 

If m2 G (0252:2) or M2 £ (^2,62), we consider the next step. 
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Suppose that after n — 1 steps run-i G (0^-1, or A/n-i G {Un-i, ^n-i)- Then let us consider 

the next step. 

(Step n) If m„_i G (a„_i,x„_i) let us take 

an = an~l ( fan = fa„.r f J;„ = a„ + c" f = + (^)^ 

bn = Xn-l ' 1 /&„ = ' 1 yn = 6n - ' !/?;„= - (g)" 

If ^ (o„_i,Xn-i) and M„_i G (y„_i,6„_i) let us take 

Q-n = Un-l J /a„ = /j/n-l ( Xn = O-n ~^ J /x„ = /a„ + (3) 



&n = &n-l ' \ fb„= fb„.i ' \ yn = ^'n - C" ' 1 = /b„ - (5)" 

Define 

nin = Toain{x £ {an,bn) : fix) = fx„} and M„ = max{x G (a„, 6„) : /(x) = . 
Of course, fy„ - fx„ = 1/3", bn - an = c"~^ If m„ ^ (a„, x„) and M„ ^ (y„, 6„), then we have 

ify„-f. jHbn-yn)iXn-an) ^ C^" ^ ^ 

fen-anl^+° 32ng(n-l)(l+ 



> 

' '-'n I 



") (3) (32c"-i) 



If m„ G (a„, x„) or M„ G (yn, bn), then we consider the n + 1 step. 

-1 

Recalling that a G (1, 2) and choosing c to be 9"-i , we obtain that 



1 ^" 



32c«^i 



1 for all n > 0. 



It is enough to see that there exists no > 1 such that nino ^ i^no,Xno) and M^q ^ (yno; ^"o)- Indeed, 
in this case we have 

Suppose contrary that for all n > 1 we have m„ G (a„,x„) or M„ G (ym^n)- This means that 

n-l 

there exists a decreasing sequence of intervals {{an, ^n)}„>i such that \bn — an\ = (g) • By the 
fact that / is a Lipschitz function on [a, b], there is a constant C such that 

= |/(M„)-/(m„)|<C|M„-m„|<C7|6„-a„| = C(- ) , n > 1, 



which gives a contradiction. Thus the inequality ([T]) is true for a = and 6 = 1 with constant 
Ca = (9) , and the proof of the proposition is complete. □ 

Remark 2. The three subintervals of the stability parameter a on which the constant Ca^ in 
Proposition [2] takes the three different forms can be estimated as follows: for a G (1; 1.10492) 



we have C^a' = [ u{a+i) ) , for a G (1.10493; 1.73546) we have C^ ' = [j^l^) , while for 
a G (1.73547; 2) we obtain C^a^ = (5)^ (see Figures |l| and |2|) . 

Justification of Example [IJ We clearly have 



io li-!/!'*" Jo Jo \x-yV+' Jo Jo li-!/!'*" 
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0.0002 



Figure 1. Graphs of constants in Proposition [2] for a G (1)2): (a) (g) 



a-1 . 



( le^a+l) ) ' ( 12^0+1) 




1.04 1.06 
alpha 



Figure 2. Graphs of constants in Proposition 2 for a G (1,1.12): (b) 

/ , \Q+1 



1.12 



g-l 
16(a+l) J ' 



(c) 



g-l 
12(a+l) 



By symmetry, the right hand side of the above inequaUty is equal to 
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Denote the last double integral by J„. We have 

71 

Recall that fn{x) = f{nx), where / is a C°°-class function. Observe that for x,y €z [0,2] we have 

\fn{x) - fn{y)\ < sup - 2/1 = n sup \f'{z)\\x-y\<Cn\x-y\. 

ze[o,2] ze[o,2] 



By this we obtain 



n / n 



{fn{x)-Uy)? ^ ^ I--- i-y+i 

\l+a 



In,i = I I '""r^ nZ'' ^""dy < C^n^ / / \x - y\'-^dxdy < C^n"~\ 
lo Jo \x-y\^+° Jo Jy_2 



Similarly, 

fi 



In,2 < I I ] ^T—dxdy < - 

12 Jq \x — y\^ n 



POO 


1 




— y 


u 

n 


n 



dy = Can" 

which ends the proof. □ 
Proof of Corollary\^ Let 6o G ^] be such that 



We have 



f\bo)9\ho)= ms.xf\x)g\x) 

x^(a,b] 



' fHfix)-f{y)r , w w w > 2,, , f"' f'" U{x)-f{y))\ , 

g{x)g{y)dxdy > g (bo) / / — dxdy, 



a J a 



\x-y\^+^ ' Ja |x-y|i+- 



which, by Theorem [2| is larger than 

^(4) ^(4) , .b ^(4) rb 



□ 

6. Spectral gap estimate 

Proof of Theorem [7} With no loss of generality we provide the arguments for the symmetric interval 
(—a, a), < a < oo, only. Let V G V"((— a,a)). Recall that the orthonormal basis {v?n} is chosen 
so that (fn are either symmetric or antisymmetric. If (/?2 is antisymmetric, then Theorem [4] follows 
from Theorem |3| Assume now that (p2 is symmetric. We directly deduce from Theorem [2] that the 
function ^p2/^i has a bounded derivative in each interval [ao,6o], —a < qq < ho < a. Hence ip2/^i 
is a Lipschitz function in each interval [ao,&o] C (—a, a). Thus, by Proposition [T| it is enough to 
estimate from below the double integral 

{fix) - f{y)f f / 

— ——ipi{x)^pi[y)dxdy, with f = h^i- 

-a J -a 

Note that / is symmetric on (—a, a), / changes the sign in (—a, a) and f^^f'^{x)ipf{x)dx = 1. 
Let ao = min{x G [0, a) : f{x) = 0}. Consider the following two cases. 

( Case 1 ) Assume that 

f^{x)ipl{x)dx > 1/4. 



/ 
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We have 




(fix) - f{y)? _ . ^ r r (/(^) - /(y))' 



l-aJ-a Jan An |x-y|^+° 



-a ^-a k-yl^ 
fa /■a /' fi'^\ ffr,,\\'2 



Let now 5o G [ao,a) be such that /^(6o)(/?f (60) = max2.g((j(j f'^{x)ipf{x). We have 

<fiix)ipi[y)dxdy > ifiibo) / — — — dxdy, 



(/(x) - /(y))- , . .... 




I aa J ao it \ J ao J ao I a I 

which, by Theorem [2| is larger than 

r^(4) ^(4) -I .a 1 ^(4) 



4 (a - ao)' 



It foUows that 



(fix) - f{y)? , . , w ^ > 1 ^ 

-(fi{x)(pi(y)dxdy > 



-aJ^a ^^'^^^ - 2(2a)°' 

which ends the proof in the first case. 
(Case 2) Suppose now that 

/ f{x)^l{x)dx > 1/4. 
Jo 

Notice that 

(pa \ 2 pa pa pa 

/ fix)(pl{x)dx] < / / ipl{x)dx < ipl{ao){a - ao) f{x)ip1{x)dx 

J ao / J ao J ao J ao 

by Schwarz inequality and Theorem [l} and 

ra rao 

(33) - / f{x)ipl{x)dx = / f{x)ipl{x)dx 

Jao Jo 

by the fact that / is symmetric and j'^^ f {x)Lp\{x)dx = 0. Observe that without loosing generality 
we may and do assume that / > on [0, ao]. Let a* £ [0, ao) be such that /(a*) = max^g^^ao) /(^)- 
Note that f{x)ipl{x)dx = 1/2. By ([32]) and ([33]), we have 

1/4 > rfix)^iix)dx > fe^^"^^'^"^'")' = iio' fi-)^ii-)d-r 

Jao ^ ^liao){a- ao) ipj{ao)ia - ao) 

l2 / ran r9./ \ 2/ \ T \2 



fia*){Cf{x)^l{x)dxy ^ iJ,^^ fix)^l{x)dxy 



P{a*)fl{ao){a - ao) p{a*)(fl{ao){a - ao) ' 
which implies that 

(34) /2(a*)¥P?(ao) > l/(4(a-ao)). 
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We have 

ra pa 



j^^'Pi{x)ipi{y)dxdy > / , _ Lpi{x)^i{y)dxdy 



\x - y\ 



Jo \x ~ y\ 

+ / / I _ n+a 'fi{x)Lpi{y)dxdy 

J — ao J — ao 1"^ y\ 

2 / / — — ipi{x)(fi{y)dxdy 



Jo \x-y 



l+a 



ao fao 



im - f{y))' 



\x-y 



l+a 



dxdy. 



Now, using Theorem [2] and (34), we obtain 



(fix) - f{y)) 



(4) 



1 r(') 



-a J —a \X y 

which completes the proof. 



— (fi(x)(pi(y)dxdy > 2(/3i (an)-, ^ — ^ f (a*) > --. — r- 



□ 
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